Formulae are derived for the spectra of scalar curvature perturbations and gravitational waves produced during inflation, special cases of which include power law inflation, natural inflation in the small angle approximation and inflation in the slow roll approximation.
Introduction
The magnification of vacuum fluctuations in the inflaton field into large-scale curvature perturbations during inflation [1, 2] is the most promising method for producing the seed inhomogeneities necessary for galaxy formation, and the spectrum of these inhomogeneities, as well as the spectrum of gravitational waves produced during inflation, are about the only observational tests of the properties of the inflaton. It is thus important to calculate these spectra accurately. In this paper we derive formulae for these spectra, special cases of which give the exact results for power law inflation [3, 4, 5] , the exact results within the smallangle approximation for natural inflation [6] , and the results to second order in the slow roll approximation for inflation in general. Only the power law results have been given previously [3, 5] . The standard results to first order in the slow roll approximation are
for the curvature perturbation spectrum [7, 1, 2] and
for the gravitational wave spectrum [8, 2] .
Notation
Our units are such that c =h = 8πG = 1. H is the Hubble parameter, φ is the inflaton field and a dot denotes the derivative with respect to time t. The background metric is
Scalar linear perturbations to this metric can be expressed most generally as [9] 
) R is the intrinsic curvature perturbation of comoving hypersurfaces, and, during inflation, is given by
where δφ is the perturbation in the inflaton field. On each scale R is constant well outside the horizon. Its spectrum is defined by
Tensor linear perturbations to (3) can be expressed most generally as [9] 
The spectrum of gravitational waves is defined by
where e ij (k, λ) is a polarization tensor satisfying
It is also useful to choose
The Calculation
The effective action during inflation is assumed to be
The action for scalar linear perturbations is then [10, 11] 
where z = aφ H and a prime denotes the derivative with respect to conformal time η. u is a times the inflaton field perturbation on spatially flat hypersurfaces and, from (5), during inflation
The equation of motion for u k is
and
corresponding to flat spacetime field theory well inside the horizon. Also the growing mode for aH/k ≫ 1 is
Thus if ǫ and δ are constant, which we shall assume here, then (19) can be solved easily:
Now from (6), (16) and (17)
Therefore from (7) and (28)
The calculation for the gravitational wave spectrum is very similar. The action for tensor linear perturbations is [11] 
where
N.B. v k,λ = v * −k,λ from (9) and (13). Quantizinĝ
The equation of motion for v k is
As before assuming ǫ is constant
Therefore
4 Special Cases
Power law inflation
In power law inflation
Therefore from (23)
Therefore from (26) and (41)
Therefore from (31) and (43)
where H 1 = H| aH=k 1 , in agreement with [5] , and
in agreement with [3] .
Natural inflation
In natural inflation [6] the inflaton potential is
In the small-angle approximation, ie.
giving a spectral index for the scalar curvature perturbation
For n R = 0.7 [12] , the approximate spectral index n R ≃ 1 − 1/f 2 given in [6] gives a 2% error in f , which, when combined with using (1) instead of (54), leads to a 60% error in the predicted value of the Hubble constant during inflation. This large error is mainly due to the sensitive dependence of φ 1 on δ, φ 1 ∼ e −60δ . However, for observational errors not to dominate, the spectral index would have to be measured to an accuracy of n R = 0.7 ± 0.02. Note that for n R = 0.7, φ 1 ∼ 10 −4 and so the small angle approximation is much better than the slow roll approximation.
Inflation in general
To obtain the standard results to first order in the slow roll approximation, (1) and (2)
are neglected. Here we retain ǫ and δ but assume that they are small and neglect terms quadratic in ǫ, δ and
Therefore ǫ and δ are approximately constant for small ǫ, δ and
, and so we can use the results of Section 3. Note that ǫ and δ only have to be treated as constant while the mode k is leaving the horizon so that (27) can interpolate between (20) and (21), in the same way that H is treated adiabatically in the standard first order calculation. Therefore from (26)
and from (31) to lowest order in ǫ and δ
where b is the Euler-Mascheroni constant and so 2 − ln 2 − b ≃ 0.7296. Similarly
Conclusions
We have derived corrections to the standard slow roll results for the spectra of scalar curvature perturbations and gravitational waves produced during inflation. These quantify the errors in the standard results. In general they are small but, for example, for natural inflation with a spectral index n R = 0.7 [12] the results of [6] would predict a value of the Hubble constant during inflation 60% too high. However, this error would only become significant compared to the observational errors if the spectral index were measured to an accuracy of n R = 0.7 ± 0.02.
